A new series expansion for the function [arctan(x)/x] n is developed, and some properties of the expansion coefficients are presented.
Introduction
Although infinite series representations for the classical functions have been known for well over a century, I have found no indication from computerized literature searches that the expansion presented here (Theorem 5) is known. Certainly, it does not appear in any of the standard reference works [1] [2] [3] [4] [5] , nor it can be found in representative textbooks of yesteryear [6, especially chapter 8; 7, particularly p. 124].
However, this main result has considerable significance and application. As is well known, the Fourier transform of exp(−r)/r 2 involves the arctangent function, and an expansion in powers of arctangent corresponds to the Neumann solution of integral equations for a range of problems of physical interest [8] . Thus, with reference to Theorem 5, it now becomes possible to convert hitherto intractable integrals involving higher powers of arctangent, into (slowly) converging power series. It also turns out that such series can be evaluated in closed form, thereby uncovering new, higher order solutions for a range of problems in physics. This is discussed elsewhere [9, 10] . Proof Proceed by induction denoting the left-and right-hand sides by L(k) and R(k), respectively. Equation (1) is obviously true for k = 1 and has been verified for k = 2. Then, L(k) = R(k) for at least one value of 'k', and it is sufficient to show that
Main results

THEOREM 1
In the second last line, split the final term into partial fractions, reverse one of the resulting sums and simplify to obtain the final line.
COROLLARY 2 Equation (1) can be rewritten as a transformation between sums of digamma functions:
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Proof Define coefficients
or recursively
where t k (0) = 1 and t k (J ) = 0 ∀ J < 0. The t k (n) possess the following properties:
and are unexpectedly reminiscent of similar coefficients that independently arise in the theory of generalized exponential integrals of continuous order [11, equation 2.23] . In this notation, equation (4) reads
Proceed by induction, noting that equation (9) is true for n = 2 by virtue of Theorem 1. Therefore, assume that the following equation (10) is true for some value of 'n − 1' and show that it is true for 'n'.
Note that equation (9) is trivially true when k = 0 for all values of 'n'. So, let the left-and right-hand sides of equation (9) be denoted by L k (n) and R k (n), respectively, and similarly,
and
using equation (7). The second term may be split into partial fractions, and the first term identified as
Now use equations (6), (8) and (10) to simplify, by adding and subtracting missing terms:
With reference to equation (11) , L k+1 (n) = R k+1 (n). Thus, the assumption is true for successive values of 'k' for any value of 'n', and the theorem is proved.
Proof Apply partial fraction decomposition to the left-hand side of equation (15) 
Proof Using well-known identities, express T (n, x) as a product of logarithms, thence as a product of infinite sums, and shift the summation indices according to a well-known procedure
This is a known result [3, equation 88.2.4] . Apply equation (15) with (n = 1) to the rightmost sum in equation (17), then to the next sum over m 2 using n = 2, and propagate leftwards (n − 1) times in all, each time using equation (15) with a unit increase in n. The result is equation (16).
COROLLARY 6 Equation (16) can be rewritten as
giving an interesting representation for powers of a well-known 2 F 1 .
Some properties of the coefficients t m (n − 1)
Equation (16) is equivalent to Taylor's series expansion about x = 0 (convergent for |x| < 1). Justified by this observation, equate each of the coefficients in equation (16) with the (2m)th derivative of T (n, x)
The derivative calculation is straightforward, if tedious; this has been done using the Maple 6 computer code, and the first few results are given in Equation (19) and table 1 generate a family of identities for a partial sums of rational numbers. For example, the case m = 3 is given below, valid for any n > 1.
Finally, using the easily derived property that
it is possible to find a five-part recursion formula for the coefficient t m (n) by substituting equation (16) into equation (21) and equating coefficients of equal powers of x:
This result is valid if (2m − n − 2) = 0 in which case the numerator also vanishes, (implying a four-part recursion for this special case) and another method must be used [e.g. equation (31) 
From equation (16), a number of interesting sums can be found, corresponding to values of '|x| ≤ 1' for which arctan has a known value (
Proof Since 'c' is arbitrary, equate coefficients of equal powers of 'c' in equations (25) and (30).
From equation (25), it is now possible to obtain a closed expression for the coefficients p n (m) and hence reduce the n-fold sum, symbolized by t l (n − 1) to a simpler form. 
